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Pattern formation in a dendrimer model
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A dendrimer is a hyperbranched macromolecule that is grown from a central core generation by generation.
We demonstrate through Monte Carlo simulations of a dendrimer model in two dimensions that when the
terminal monomers and the interior monomers interact through an effective Flory-Huggins parameterx, an
angularly dependent domain structure forms in the molecule for sufficiently largex. Based on the simulation
data, we further show that the formation of the domain pattern is a smooth crossover, not a phase transition,
from a mixed structure.@S1063-651X~98!10701-8#

PACS number~s!: 61.25.Hq, 64.60.Cn, 61.82.Pv
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It is well known that the blending of two immiscible poly
mer species,A andB, usually results in a polymer-polyme
phase separation at a macroscopic scale with a distinct p
boundary between theA- andB-rich phases. In systems con
sisting of polymers that contain thermodynamically inco
patible blocks connected by covalent bonding, microsco
structures may be stabilized, forming different phase
mains. One of the well-studied examples is the mixture
diblock copolymers with covalent bonds between the inco
patible blocks; the system exhibits a large variety of mic
scopic structures as the relative block lengths and the Fl
Huggins parameters vary@1#. A second example is system
of binary mixtures of grafted polymer chains, in which tw
types of immiscible linear homopolymers,A andB, are ran-
domly end grafted onto a surface; when the numbers oA
and B molecules are same, the polymer chains of the sa
type splay laterally to form clusters, so that their free en
form stripe domains with alternatingA- and B-rich regions
next to each other@2–4#. Another example is the system o
grafted, Y-shaped copolymers on a flat surface in which
Y-shaped copolymer is composed of an arm of a homop
mer chainA, and another arm of an incompatible homopo
mer chainB jointed by a short stem which tethers the ent
molecule to a surface. Recently it has been shown that s
systems may exhibit well-defined domain structures alo
the surface of the grafting plane@3–5#. Moreover, a fourth
example is the system of grafted diblock copolymers in
selective solvent, in which the diblock copolymers se
assemble into an ordered layer of pinned micelles@6,7#.

Is there a similar pattern-formation phenomenon and p
sibly an accompanied phase transition in asingle starburst
dendrimer molecule? A starburst dendrimer is a hyp
branched molecule stemming from a central core, as il
trated by the sketch in Fig. 1@8–20#. In a G-generation star-
burst dendrimer molecule, the zeroth generation is the cen
core which branches intof arms containingP monomers
~‘‘spacers’’! each, with each end of the previous generat
further branching intof 21 arms containing the same num
ber of spacer monomers. Terminating at theGth generation,
the dendrimer has a regular branched, starburst structure
dendrimer sketch in Fig. 1 is a four-generation dendrim
containing f 53 functional branching points withP52
spacer monomers in each linear portion@21#. Most of the
571063-651X/98/57~3!/3652~4!/$15.00
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recent models used for investigating the conformatio
properties of dendrimers assume that all monomers are t
modynamically identical, and most theoretical studies ha
focused on the radial distribution of the monomer density
a function of the radius from a common center~the center of
mass or the branching center! @22–32#. Recently, attention
has also been paid to investigating the segregation of
three dendrons rooted from the center@29#. Here we do not
intend to model any molecules specifically. Rather, we
dress a more general question in this Brief Report: wo
any microstructure form inside a codendrimer as a con
quence of the difference in the chemical composition of
terminal-interior parts, and, if it would, what spatial symm
try would exist?

We shall generally label the interior monomers~open
circles in Fig. 1! the A monomers, and the terminal one
~filled circles! the B monomers, and assume that the Flor
Huggins parameter that describes the interaction between

FIG. 1. A four-generation dendrimer model withf 53 and P
52. The filled and empty circles represent monomers of differ
typesB andA, respectively.
3652 © 1998 The American Physical Society
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A andB monomers isx. In Fig. 2, we sketch a few possible
domain structures that the dendrimer could exhibit for lar
enoughx. The structure in Fig. 2~a! contains a strong segre
gation of theB monomers, represented by the dark are
toward the surface of the dendrimer~a ‘‘core-shell’’ struc-
ture!, in which the spherical symmetry is retained. The stru
ture in Fig. 2~b! containsA- andB-rich domains, separated
by a probably curved boundary~an ‘‘egg-yolk’’ structure!, in
which twofold symmetry exists. The structure in Fig. 2~c!
contains a more exotic pattern with threefold rotational sy
metry ~a ‘‘trillirium-flower’’ structure!. In diblock copoly-
mer brushes, instead of forming flatA- and B-rich layers
parallel to the grafting surface, the brushes prefer to form
periodic stripe pattern withA- and B-rich stripes arranged
along the surface of the grafting plane@3,4#. The latter struc-
ture has a higher entropy. Structurally, the dendrimer m
ecule considered here bears some resemblance to the sy
of a polymer brush grafted to a common spherical surfa
Thus the core-shell structure, similar to the flat layer stru
ture in diblock copolymer brush, is probably unfavorable
the entropic energy. As demonstrated below, for a tw
dimensional dendrimer, we found that the structure in F
2~c! is stable for sufficiently largex. The stabilization of a
certain structure is the result of competition between a red
tion of the interface boundary and a maximization of th
entropy. The structure in Fig. 2~c! would have a larger inter-
face between theA- and B-rich domains, but a higher en
tropy in comparison to the structure in Fig. 2~a!.

The analytic formulation for the dendrimer mode
sketched in Fig. 1 is difficult: there is no satisfactory mea
field model in the literature to describe a ‘‘homodendrimer
i.e., a dendrimer containing identical monomers@22,28#.
Therefore, we resorted to Monte Carlo simulations for t
study. The actual model that we used was similar to
dendrimer sketched in Fig. 1: we only considered molecu
with P52. There are thusNA56(2G2121)11 monomers
of typeA, NB5632G21 monomers of typeB, and a total of
N5NA1NB56(2G21)11 monomers in the molecule. Th
lengths of the bonds between the adjacent monomers w
set to 1. To simulate the interaction between theA and B
monomers, we simply used a step function potential, co
structed in such way that anyA-B pair that has a distance
smaller than the force range of 0.9999 would experienc
positive potential of magnitudeeAB . The effective Flory-
Huggins parameter is thusx5eAB /kBT, where kB is the

FIG. 2. Three probable segregation patterns in dendrimers.
dark area is theB-rich region and the white theA-rich region.
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Boltzmann constant andT is the temperature. More conve
niently,x was treated as an adjustable parameter in the si
lations.

We further simplified our calculation by only considerin
two-dimensional dendrimers only. Our purpose is to dem
strate domain formations in dendrimers. Two-dimensio
simulations make the task much easier. We will carry o
three-dimensional simulation at a future time. The tw
dimensional model itself can be used to model dendrons w
central cores grafted along a common straight line, wh
would exhibit cylindrical symmetry. The steric repulsion b
tween the monomers was modeled by considering
excluded-volume diameterd which was chosen to be smalle
than the bond length. We adopted an algorithm that allo
for bond crossing, subject to the monomer-monom
excluded-volume interaction. In each Monte Carlo step
new configuration was obtained by using the pivot meth
@33#, which rotates the whole portion of the molecule arou
a randomly chosen monomer as the center of the rotat
The new configuration was rejected if it contained overla
ping monomers, and otherwise accepted after further ve
cation of the acceptability based on the Metropolis criter
that accounts for the Boltzmann weight associated with
repulsion eAB . A five-generation molecule and a six
generation molecule were studied. Since the steric inte
tion is more severe in a two-dimensional space,
excluded-volume diameters were fixed at relatively sm
values:d50.2 for bothG55 and 6 cases. The simulation
were performed at different temperatures corresponding
various values ofx5eAB /kT. For eachx, 53106 Monte
Carlo steps were considered. In each simulation, a tota
53105 initial Monte Carlo steps were used for therm
equilibration.

The normalized density profiles of monomerA and mono-
mer B for the case ofG55 are shown in Figs. 3~A! and
3~B!, respectively, in three-dimensional plots for several v
ues of the effectivex. The height represents the density a
the basal plane represents the two-dimensional space co
ered. The first three peaks near the core of theA-monomer
density profile correspond to the locations of the first th
monomers branched off from the center; these peaks ar
ways present. The first plot of Fig. 3~B! shows that there is a
weak angular dependence forx50, where the three direc
tions in which theB monomers concentrate are direct
coupled to the directions of the three peaks in Fig. 3~A!,
viewed from the center. There is a weak segregation of
three branches, which is a phenomenon suggested earlie
Mansfield@34#, and discussed recently by Murrat and Gre
@29#. The last set of plots in Figs. 3~A! and 3~B! is for x
50.3. Apart from the three peaks associated with the fi
generation, the density profile for theA-type monomers now
shows a more interesting structure; there are three min
and the three stronger maxima in the plot. The density pro
for the B monomers shows three strong peaks where thB
monomers concentrate. Note the locations of these max
correspond to the locations of the minima in theA-monomer
plot. Also appearing near the center is a three-fold deep w
complementary to the maxima in the plot for theA-type
monomers. This demonstrates thatA- and B-rich domains
will form for strongx, or, in reality, at low temperatures. Th
middle plots in Figs. 3~A! and 3~B! are for the case ofx
50.1, which is approximately the crossover point when
demixing starts to take place.

he
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FIG. 3. The average density plots ofA ~the first row! and B monomers ~the second row! for G55 and 3 values of the
parameters:x50, 0.1, and 0.3. The dark, gray, and white colors represent densities varying from the lowest to the highest.
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Whenx increases from 0 to 0.3, the weak maxima of th
angular distribution function for theB monomers ~not
shown! disappear completely, and three new strong maxim
start to appear at angles complementary to those of the
lier ones. In an attempt to describe quantitatively the angu
dependence of these domain structures, we considered
order parameters

SA5
1

NA
(

i
^cos 3u i&, ~1a!

SB5
1

NB
(

j
^cos 3u j& ~1b!

for theA andB monomers, respectively. The indicesi and j
go over those of theA andB monomers, andNA andNB is
the number of theA and B monomers, respectively. The
angleu is measured from the central core with respect to o
of the three strong peaks of theA monomer density. Figure 4
shows the order parameters as functions of the effectivex
parameter. For smallx, both the order parametersSA andSB
have positive values, indicating a mixing of theA and B

FIG. 4. The order parametersSA ~squares! and SB ~circles! as
functions ofx. Filled symbols are for the case ofG55, and the
open symbols for the case ofG56.
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monomers and a weak segregation of the three branches
to binding constraints. Asx increases,SB starts to decrease
indicating a trend for theA-B demixing. The turning point is
around 0.1, based on observations of a series of plots sim
to those in Fig. 2, when theB-rich domains start to establish
clearly.

So far we have not discussed the nature of the patt
formation from a phase transition perspective. TheSB curve
changes smoothly asx increases. There is no indication of
sudden change of the value or the slope of theSB curve near
x50.1, where we started to observe the pattern formati
To confirm further that this process is really a smooth cro
over and not a phase transition, we also collected inform
tion on the scaled heat capacity from our simulations, wh
is calculated by measuring the energy fluctuations

C/kB5~^E2&2^E&2!/kB
2T2. ~2!

Figure 5 displays theC/kB curve as a function of the effec-
tive parameterx. In view of the smoothness of these curve
we concluded that there is no evidence that the process
pattern formation in this dendrimer model is a phase tran

FIG. 5. Scaled heat capacityC/kB as a function ofx. The filled
symbols are for the case ofG55, and the open symbols for the cas
of G56.
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tion. In comparison, the formations of various diblock c
polymer microstructures are usually associated with first
der phase transitions@1#. Though the ‘‘ripple’’ phase transi-
tion is suggested to be second order in grafted Y-sha
copolymers@3#, there has not been any observation that c
firms this prediction in similar systems@2–4#.

An interesting extension of this study would be to co
sider selective solvents for theA and B monomers. A poor
solvent for theB monomers would effectively introduce a
tractions betweenB monomers, thereby producing a mo
concentrated distribution of theB monomers. The problem i
that once theB monomers start to collapse into a dense
gion, theA monomers would also begin to gather in order
avoid theB-rich region. The intrinsic branching center cou
be pushed away, and symmetry breaking would take pl
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The interplay of structural constraints, entropy maximiz
tion, and interface reduction could produce even richer p
terns. Clearly, further studies are desired for these ca
Since we have restricted the monomers to move in a t
dimensional space, the question concerning the possibilit
pattern formation in a three-dimensional dendrimer still
mains. The threefold symmetry observed in this study co
be replaced by other types of demixing symmetries fo
three-dimensional dendrimer. One possibility is the form
tion of a three-dimensional structure similar to the sketch
Fig. 2~B!.
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